SOME REMARKS ON COMMUTATIVE ALGEBRAS OF
OPERATORS ON BANACH SPACES()

BY
D. A. EDWARDS AND C. T. IONESCU TULCEA

Introduction. In this paper a series of propositions are given concerning
commutative algebras of operators on a Banach space and more especially
commutative algebras of scalar operators. A number of the results are known
and due to W. G. Bade [1; 2] but different proofs are given here. The in-
spiration for this paper, both in the choice of the subject matter and of
method, has largely been derived from [2; 7] and [10].

The material presented here is divided into four paragraphs. The first,
which is introductory, contains various results on spectral families of meas-
ures. The principal propositions are contained in paragraphs 2 and 3. Theo-
rem 1, proved in paragraph 2, is a generalisation of a theorem due to W. G.
Bade [2], and almost all the other results of this same paragraph are more or
less consequences of it. In paragraph 3 it is shown that, under certain condi-
tions, an algebra of scalar operators can be identified, in a sense made precise
below, with a von Neumann algebra. This fact makes it possible to reduce
many results concerning algebras of scalar operators or e-complete boolean
algebras of projections, in Banach spaces, to corresponding results in Hilbert
spaces. Various remarks on spectral families of measures are made in para-
graph 4.

1. Spectral families. Let Z be a compact space, C(Z) the set of complex-
valued continuous functions defined on Z, By(Z) the set of complex-valued
Baire measurable functions defined on Z and B(Z) the set of complex-valued
Borel measurable functions defined on Z(2).

Let X be a Banach space, X’ the dual of X and § = (u,,./)zex,27ex’ a family
of Radon measures defined on Z. We shall say that & is semi-spectral if:

(1) (x, ") > s, is a bilinear mapping;

(2) there is a constant M(F)=1 which satisfies the inequalities ||u.,./||
< M(@)||«|| ||«'|| for every xEX, x’EX".

We shall say that a function fEB(Z) is F-negligible if || *(|f]) =0 for
every x& X, x’€X'. A Borel measurable set 4 CZ is F-negligible if the char-
acteristic function of 4, ¢4, is F-negligible. For every function fEB(Z) we
shall put N(f, §) =inf E(f) where E(f) is the set of numbers o> 0 for which
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the set zI |f(z)| >a} is F-negligible. If f is continuous then N,(f, F)
=SUp;es f(z)| where S is the closure of U.ex . exS(us.); for a Radon
measure u on Z, S(u) will denote its support.

We shall write By (Z) = {f € Bo(Z)|Nu(f, F) < ©} and B=(2)
={fEB(Z)| No(f, F) < © } ; By (Z) and B*(Z) are algebras and f—N,(f, %)
is a semi-norm on By (Z) and also on B”(Z). It is easy to see that By (Z) and
B=(Z) are complete for the semi-norm f—N(f, §) and that, for f, g, hEB=(Z),
we have N (ff, F) = No(f, F)? and No(gh, F) £ No(g,5) No(h, F).

For each f&B=(Z) we denote by Ug , the operator in £(X, X"')(®) which
satisfies the equations (Ug sx, x')= [fdu, . for all xEX, x’©X’; [ means
always [7. When there will be no ambiguity we shall write only Uy instead
of Ug,. In what follows we shall always suppose that all the semi-spectral
families considered are such that U,& £(X, X) for fEC(Z) and U,=1. It is
easy to see that if § is a semi-spectral family, fEB=®(Z) and U;E £(X, X),
then U, belongsto the strong closure (= weak closure) of G(F) = { U ,I fecz)}.
A family F=(us,2)zex.,7ex of Radon measures defined on Z is a spectral
family if it is semi-spectral and if:

3) frbtee = BUs,z forallf€ C(2),xE€ X, s’ € X'.

If F is spectral then f— U, is a continuous representation of the algebra
C(Z), endowed with the semi-norm f—N,(f, §) into £(X, X); it follows that
@(F) is an algebra. Conversely if § is semi-spectral and f— Uy is a representa-
tion of the algebra C(Z) into £(X, X), then & is spectral. Let us also remark
that (3) implies f ;.o =ps, v, for every fEC(Z), xEX, x'€X'; *Uy denotes
the Banach adjoint of Uy.

Let A be a nonempty bounded subset of X and suppose that § is spectral.
For every fEBy(Z) define p(f, A)=sup.ea.jist |pe | *(|f]); let Bo(Z, 4)
={fEBu(2)|p(f, A)<=}. If TELX, X) and if TUx=U;Tx for all
fEC(Z) and xE A then it is easy to see that p(f, T(4)) <|| T||p(f, 4) for every
fEBy(Z) and hence that Bo(Z, A) CBo(Z, T(A)). If A, CA. then Bo(Z, A1)
DBW(Z, A,).

ProrosITiON 1. (i) Bo(Z, A) is a linear space and Bo(Z, A) DBg (2);
(ii) f—p(f, A) is a semi-norm on Bo(Z, A); (iii) Bo(Z, A) is complete with re-
spect to the semi-norm f—p(f, A).

Assertions (i) and (ii) are obvious. To prove (iii) let (fa)isn<o be a se-
quence of functions belonging to Bo(Z, 4) for which D oy p(fap1—fa, 4) < ©.
Then for every x€A4 and Hx’”él we have D .., I#m'l *(lf,.+1—f,, )< .
Hence lim, ., fa(2) exists for z€E N4 where N4 is a Baire set which is ,u,_,'l -
negligible for every x€A and x’E€X". If we put f(z) =0 for z&EN4 and f(z)
=1iMy .o fa(2) for 2€E N4 then fEB(Z), and for n=1, x&A and l«']| £1 we

() If X, ¥ are Banach spaces we shall denote by £(X, ¥) the space of linear continuous
mappings of X into ¥, endowed with the usual norm.
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have |peo| *(/=ful) S S [ *(fis—fiD) S Titw pfsn—f5, 4) and
hence p(f—fa, A) = Z;".,, p(fis1—fi, A). This implies that fEBy(Z, 4) and
that limy ., p(f—fa, 4)=0.

For each bounded nonempty subset A CX we denote by Bi(Z, 4) the
closure of By (Z) in Bo(Z, A) and by L(Z, A) the closure of C(Z) in Bo(Z, 4).
It is obvious that fg&By(Z, A) if fEBy(Z, A) and g&Bg(Z) and that
fe€e L (Z, A) if fELY(Z, A) and g& L (Z, A)YN\Bg (Z). Also it is easy to prove
that if fELYZ, A)N\Bg (Z) then there is a sequence of functions (fi)ign<w
belonging to C(Z) such that we have lim,., p(f» — f, 4) = 0 and ”f,.“
=Sup,ez ]f,,(z)l ENL(f, §) for n=1, 2, - -.If TEL(X, X) is such that
TUsx= U;Tx for all f€EC(Z) and xE A4 then we have B}(Z, A)CBy(Z, T(4))
and LY(Z, A)CLY(Z, T(4)). If A\CA, then By(Z, A\)DB)(Z, A;) and
Ly(Z, A))DLy(Z, As). In connection with the spaces Bo(Z, 4), By(Z, A),
LY(Z, A) and Proposition 1 see also [15].

PROPOSITION 2. For every bounded nonempty subset A CX and fEBy (Z)

@ W/ M@, 4) < sup[|Usal] = 90/, 4).
The first inequality, (1/M(5))p(f, A) Ssup.ea || U,x”, follows from the
relations
o, 4y = _sup_((sup | [ sodues|)
zed Jlz’| 1 \ llol =1
S M) sup | (U, x’)l < M%) sgg ”U,x”

z€A4 lz’] s1

The second inequality, sup,eu || U;x” =<p(f, A), is obvious. Hence the proof
is complete.

For every fEBy(Z) let D(f) = {x€X|f€B},(Z, {x} )} ; using the inequali-
ties (4) (for 4 = {x} , *EX) we can easily prove that there is a mapping Uy
of D(f) into X'’ such that (Usx, x’') = [fdu,,.+ for every x&D(f) and x' EX".
If fELY(Z, {x})(CTBL(Z, {x})) then UxEX. Again using the inequalities
(4) and the definition of the spaces By(Z, A) we see that:

PROPOSITION 3. For every nonempty bounded subset A CD(f) and fEBy(Z,A)
©) (W/ME)p(f, 4) < sup|Up| < 21, 4).

For every nonempty bounded subset 4 CX let X(4) be the linear space
of all bounded families y = (¥.).c4 of elements belonging to X, endowed with
the norm: ||y|| =sup.ea ||3:]|; X(4) is a Banach space. If = (t../)sex.crex’
is a spectral family of measures we shall denote by @ (%, 4) the closure of the
subset {(Usx).ea|fEC(2)} CX(A).

PROPOSITION 4. For every nonempty bounded subset ACX Q(F, A)
= {(Um)zea fELYZ, 4)}.
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Let fELY(Z, A) and let (f.)15n<w be a sequence of functions belonging to
C(Z) such that lim, .., p(f—fa, 4)=0. Then lim, .., (sup.ea || Usx— Usx||) =0
and hence (Usx).ea€ Q(F, 4A). Conversely let y=(v,).ca € Q(F, A). Then
there is a sequence (fn)i1gn<e Of functions belonging to C(Z) such that (in
X(A)) y=lim,., y* where for each n=1, 2, - - -, y*=(U,%)ze4. From (4)
we deduce that lima m.e 2(fn—fm A) =0 and hence that there is a function
fELYZ, A) for which lim,., p(fa—f, 4)=0. Using (5) we now deduce that
y= (U/x)zEA-

Let § be a spectral family of measures defined on Z. If U,= U, where
g, hEB=*(Z), then using (3) we deduce that g—# is F-negligible. This remark
implies that we can introduce an involution in @(F) by writing U} = U7. The
inequalities (4) show that the mapping T—T* of @(F) onto G(F), just de-
fined, is strongly continuous and it can accordingly be extended to the strong
closure, s(@(%F)), of G(F); it is clear that the extension is an involution on
s(a(F)).

In what follows we shall often be concerned with spectral families § which
have the property:

(E) U;e £(X, X) for every fEBq (2).

Let So(Z) be the class of all Baire sets D CZ. For every D& Sy(Z) define
Eg(D) = Us,,; then Eg is a strongly countably additive (s.c.a.) spectral meas-
ure on So(Z) such that Eg(Z) =I. Conversely, if E is a s.c.a. spectral measure
on So(Z) such that E(Z)=1I and if we put p..(f) =[f(z)d(E(z)x, x') for all
feC), x€X, ¥ €X', then §F=(us,2/)zex,27ex’ is a spectral family having
property (E) and Eg=E.

If § is a spectral family having property (E) then it is easy to see that
Us;e £(X, X) for every f&EB=(Z). This can be deduced, for instance, using
the following result: (*) Let &= (us,2)zex,-7ex’ be a spectral family of meas-
ures on a compact space Z having property (E) and let x& X ; then thereis a
positive Radon measure v, on Z such that (for NES,(Z))v.(N) =0 if and
only if |u,,,l| (N)=0 for all ¥’ €X’. Let us remark that every Uy, fEB*(Z),
is a scalar operator whose resolution of the identity is a s.c.a. spectral meas-
ure on So(a(Uy)) [10, pp. 341-342, Lemma 6] and that U= U, U, for every
g, hEB>(2).

For a spectral family § having property (E) we have, for each f&B>(Z),
the following inequality which may be established by the method used in the
proof of Proposition 2, [7, pp. 177-178]:

(6) N.(f, ) = ||U|| £ M@)N(f, 5).

Let § be a spectral family on Z, having property (E), and let ®o(5)
={U/|fEBs(2)} and ®(F)={U,|fEB=(Z)}. Using (6) we see that ®o(F)
and ®(F) are uniformly closed and that each is algebraically and topologi-
cally isomorphic with an algebra C(Z) where Z is a compact space. It is easy
to see that ®¢(F) is the smallest uniformly closed algebra containing
{E§(4)| AESy(Z)}. Using the fact that, if f€ C(Z), Nu(f, §) =sup.es |f(2)],
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where S is the closure of U.ex rex’ S(us,2r), we see that @(F) is algebraically
and topologically isomorphic with C(S) (this last assertion remains true also
for spectral families which do not satisfy condition (E)).

2. Commutative algebras of operators. Let F = (u.,»/).ex.2ex’ be a spectral
family of Radon measures defined on a compact space.

THEOREM 1. Let A be a nonempty bounded subset of X and suppose that
TE £(X, X) is an operator such that: (1) TUx=U;Tx for all fEC(Z) and
x€E4; (A1) (Tx)zea € Q(F, A). Then there is a function g L(Z, A) such that:
G) llell < M@ TI|; G5) Unx= Tx for every x belonging to the closed linear space
I spanned by U.cq G(F, {x} ).

By Proposition 4 there is an hELY(Z, A) such that Uyx=Tx for every
xCA. Let B={g|h(z)| =2(1+N) M ()| T||} where A>0 (we can suppose
T>0). It is obvious that h¢pEB)(Z, A). Choose a sequence (k,;)i1zn<w Of
functions belonging to C(Z) such that lim,., p(k.—k, A)=0. By (5) this
gives lim,., Unx=Tx for each x&A4, and hence (since the condition (ii)
implies urz,z» =z, 'ro for x€A and ¥’ €X’)

<U¢3x’th’> =f¢Bd#z,‘Tz' =f¢‘Bdll'Tz,z'

= tim [ boduvy p = [ Bbaduns = Usa, #)

the above equations imply || Usux|| || T|| 2 || Ursgx|| for each xEA. Using again
(5) we deduce that p(¢s, A)| T|| =supeea |U¢Bx|[ “T” = SUPzea ” U;.¢Bx||

2 (1/M(5))p(hds, A)Z (1+N)p(ds, A)|| T||. It follows that p(¢s, 4)=0 and
hence that |k(z)| < M(5)||T|| except when zE N4, where N, is a Baire set
such that I;.Lm:| (N4)=0for every xEA4 and x' €X'. If we define g as follows:
2(2)=h(z) if 26E N4 and g(z) =0 if zE N4, then gELY(Z, 4), ||l = M) 7]
and obviously Uyx = Tx for each x4 (in fact we have p(g—h, 4)=0). Take
a uniformly bounded sequence (g.)1sn< Of functions belonging to C(Z) such
that lim, ., p(g.—g, 4) =0. For each f& C(Z) we have then: g€ LY(Z, U;(4)),
limn.o p(gn—g, Us(4))=0, gf ELY(Z, A) and lim,., p(g.f—gf, A)=0. We
deduce that, when x€A4, U,Ux=limu., U, Usx=1im, ., U U, x=U;Usx
= UsTx = TUsx. Since M is the closure of the set of all finite sums
S Usxi(fi€C(Z), x;€A) we deduce (jj) and hence the proof of the theorem
is complete.

REMARK. The assertion (jj) can be strengthened. We have U, = T?x for
every p=1, 2,--. and xEM. In fact suppose the equations valid for
p—1 (p>1) and remark that T(9M) CIN. Then for all xEA4, x’' &X'

(Upz, o) = lim | g gduse = lim | gdu.rw

n— 0 n—«

= lim (7%, ‘Uyn.p—0%") = im (Ugtn,p-1y T, &') = (T?x, &)

n— o n— o

’
g(mp-D*
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(we denoted gZ™! by g(n, p—1)); hence Up= T?x for x©A and this implies
(as in the proof of Theorem 1) Ugpx = T?x for every x E9IN.
If DC £(X, X) we denote by s(D) the strong closure of D and by D, (r>0)
t[he ]set {T€D|||T||£7}. From Theorem 1 we can deduce the following (see
14]):

CoroLLARY 1. If BCs(G(F)) then B Cs(Q(F)m(g)2)-

If TE®, and A4 is a finite part of X then conditions (i) and (ii) are satis-
fied. Hence there is a gELY(Z, A) such that ||g]| < M(F) and U,x=Tx for
x&A. Now let (ga)i1sn<wo be a sequence of functions belonging to C(Z) for
which lim,., p(g. — g A) = 0 (we can suppose that Hg,.” < M(5) for
n=1,2, - -, whence | U,]| < M(5)2). Then lim,., || Tx— U,,x|| =0 for every
x&A and this implies that TCs(GQ(F)m(g))-

REMARK. From Corollary 1 it follows that if @(5F), is strongly closed then
Qa(F) is strongly closed.

COROLLARY 2. Suppose that § has property (E) and that there exists a de-
numerable set A CX such that the closed linear space spanned by U,c4 G(F, {x })
is X. Thens(Q(F)) = { U;€ £(X, X)|fEBs (2)} ={ U/€ £(X, X)|fEB=(2)}.

We can suppose that Y .e4 HxH <. If TEs(@(F)) we deduce, using
Corollary 2, that there is a directed family (7;);er of operators belonging to
@(F) which converges uniformly to 7', on 4. Then by Theorem 1 there is a
gE B¢ (Z) such that T= U,; hence s(@(F)) C{ U;E £(X, X)|fEBg (Z) }. Since
{U,cex, X)|fEBs (2)} CLUC &(X, X)|fEB=(2)} Cs(a(S)) the corol-
lary is completely proved.

Let X be a Banach space. We shall say that an algebra @ C £(X, X) has
property (P,) if there exists a compact space Z and a spectral family
F = (Uz,2')zex,2rex of measures defined on Z such that @ = @(F). Evidently
an algebra @ C £(X, X) has property (P,) if and only if there is a compact
space Z and a continuous representation of the algebra C(Z) onto @ (we can
show that an algebra @ has property (P:) if and only if it is algebraically
and topologically isomorphic to an algebra C(Z), where Z is a compact
space). An algebra @ C £(X, X) has property (P,) if there is a compact space
Z and a spectral family § on Z having property (E) and such that @ = G(%).
If X is sequentially weakly complete then every algebra having property
(P1) clearly has property (Ps).

If an algebra @ has property (P:) and & is a spectral family such that
@ = @(%), then F has property (E). This follows for instance from:

PROPOSITION 5. Let § be a spectral family. Then § has property (E) if and
only if Q(F), is relatively weakly compact.

It is obvious that & has property (E) if @(5), is relatively weakly compact.
The fact that G(F): is relatively weakly compact if § has property (E) fol-
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lows from Theorem 6, [11, p. 160] (f— Uy is weakly compact; we take on
£(X, X) the strong topology and we remark that every bounded closed part
is complete). Theorem 3.2, [4, pp. 300-301] can also be used for the same
purpose.

If DC L£(X, X) we denote by D@ the set of all projections belonging to D.

CoRrROLLARY. If @C £(X, X) is a strongly closed algebra having property
(Py) then Q@ is a (bounded) complete boolean algebra.

Let Z be the spectrum of @ and § a spectral family on Z such that
@= Q@(F). Then @ = {Eg(w)IwESo(Z)} and hence @@ is bounded (by
M(5)). The completeness of @™ follows from the fact that @(F)m(g) is
weakly compact and from Theorem 1, [5, pp. 313-314] (see also [13, pp. 162—
163)).

THEOREM 2. (i) If @ has property (Py) then s(@) has property (P1); (ii) #f
@ has property (Ps) then s(Q) has property (Ps).

Let us prove first (i). Take a compact space Z and a spectral family of
measures on Z such that @= @(F). Let us introduce an involution on @ as
follows: U} = Uj; for each f€ C(Z); let us extend this involution by continuity
to s(@). Let T&s(@); then by Corollary 1 of Theorem 1, there is a uniformly
bounded directed family of operators belonging to @, (Uy)jer, which con-
verges strongly to 7. A simple use of the inequalities (4) and of the Cauchy
inequality gives, for each x € X and j & I: ||U;(,)x||2 = p(f(D, {ac})2
= M@|lolpGGIW, {x}) = M|l | U Upipxl|. We  deduce || T[>
< M(3)||x|| || TT*«]| for every x€ X and hence || T]|2< M()||TT*||. Since this
last inequality implies that s( @) is isomorphic algebraically and topologically
with an algebra C(Z) the proof of (i) is complete. The second part of the
theorem follows from the first, from Proposition 5 and from Corollary 1 of
Theorem 1.

3. Strongly closed algebras of operators. For every s.c.a. spectral meas-
ure E, defined on a tribe So(Z), we shall write R(E) = { E(w)|wCS¢(Z)}. It is
obvious that ®(E) is a g-complete boolean algebra of projections.

Let E be a s.c.a. spectral measure defined on a tribe S¢(Z) and let § be
the corresponding spectral family of measures. Let Z’ be the spectrum of
®o(F) and F’' = (uz,5)zex,2ex- @ spectral family on Z’ such that ®(F) = @(F');
it is easy to see that the closure of U ex.zrex S(us ) is Z'.

Suppose ®(E) complete. Then Z’ is stonean and every measure p. . is
normal. For the sake of completeness we give here a direct proof of these
assertions. Let UCZ’ be an open subset and let

P’ = sup{P € R(E)| P £ Ug.4,}-

There is then an open and closed subset U’'CZ’ such that P’ = Ug. 4. If
U—-U'# we can find a function g’ EC(Z’), g’'#0, whose support is con-
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tained in U — U’. Let g € ®o(F) be such that Ug, = Uz, and let
E’=E({z|g(z)?£0}). By direct computation we obtain E’P'=0 and if K
is the support of g’, E' £ Ug: 4, < Ug+,4,; hence P' <E'+P' < Ug: 4. It fol-
lows necessarily that UC U’ and P’ = Ug 4,. Therefore U’ — U is $'-negligible
and since U’'—T is open, U’'=T. We deduce that Z’ is stonean and that every
measure u, .+ is normal.

THEOREM 3. Let E be a s.c.a. spectral measure defined on a tribe So(Z) and
let § be the corresponding spectral family of measures. Suppose that ®R(E) is
complete. Then there is a Hilbert space H, a von Neumann algebra of operators
® on H and an algebraic isomorphism ¢ of Bo(F) onto ® such that: (i) ¢ s
bicontinuous when ®o(F) and ® are endowed with their uniform topologies;
(ii) the restriction of ¢ to bounded sets is weakly and strongly bicontinuous;
(iii) ¢(h(T)) =h(p(T)) for every TE€ ®o(F), hESo(a(T)); (iv) ¢(T*) =¢(T)*
for every T & ®Bo(F).

Let Z’ be the spectrum of ®(F) and F' = (u, ') zex.- ex’ a spectral family
on Z' such that ®¢(F)= @(F’). Then Z’ is hyperstonean and every measure
Uy is normal. Then there is a Hilbert space H, a von Neumann algebra ®
on H and a x-isometry f—T; of C(Z') onto ® (see for instance [8]). If we
write ¢(Ug-s) =Ty, then ¢ is an algebraic isomorphism of ®¢(F) onto ®
which has properties (i) and (iv). The weak continuity of ¥, the mapping
inverse to ¢, is a consequence of the fact that every measure p; . is normal
and hence that there are complex numbers ¢, ¢, ¢3, ¢4 and ai, a., a3, a1©EH
such that (Ug: sx, x')= S c.-(T,a,-la.-). The weak continuity of ¢, on
bounded sets, follows from the fact that ®, is weakly compact. Therefore the
first part of (ii) is proved. Now let ® be the set of linear forms T—(Tx, %),
defined on ®,(F), which are positive on the elements 7'T*; it is obvious that
the topology on ®¢(F) defined by the set of semi-norms { |p| IpE(P} coincide
with the weak topology (see the remark at the end of paragraph 4). De-
note by 7 the topology on ®¢(F) defined by the set of semi-norms
{ T—)p(TT*)WIpG(P}. Since T converges to T in the topology 7 if and only
if (T —To)(T — T,)* converges weakly to zero it follows that the restriction of
¢ to bounded sets is bicontinuous when ®,(%) is endowed with the topology
7 and ® with the strong topology. Therefore, to complete the proof of (ii),
it is enough to show that on each bounded subset of ®¢(F) the strong topology
coincides with 7. It is obvious that 7 is weaker than the strong topology. Con-
versely suppose that the Ug, are uniformly bounded and that they con-
verge to Ug ;o in the topology 7. Then, for every x € X, ' € X',
lim f|f——f(0)l2d|p;,z:[ =0 and hence f converges in }/.L;@rl-measure to f(0).
Since, for fixed xC€X, {ul.|||x'|| €1} is relatively weakly compact, we have
lim [fdul, = [f(0)du,,, uniformly with respect to [|x’||<1; xEX being
arbitrary it follows that Ug ; converges strongly to Ug- ;5. Hence the proof
of (ii) is complete. The assertion (iii) is an immediate consequence of (ii).
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ReMARKS. (1) The involution in ®o(%) is introduced by Ug = Ug'; or,
equivalently, by Ug,;=Ugj. If TE®(F) and ET is the resolution of the
identity of T, defined on So(a(7)), it is easily seen that T*= [,y AdET(N).
(2) Every PE®™ is a self-adjoint projection and ¢ is an order isomorphism
of R(E)=®(F)® onto &®). (3) In connection with Theorem 3 see also
[3, p. 37, Theorem 9.2]. (4) Some of the arguments involved in the proof of
Theorem 3 can be avoided if we remark that (for an equivalent norm) ®q(F)
is an AW*-algebra and use various known results concerning such algebras
(see for instance [18]).

COROLLARY 1. Let E be a s.c.a. spectral measure, defined on a tribe So(Z),
and § the corresponding spectral family. Then the following statements are equiv-
alent: (j) ®(E) is complete; (jj) Bo(F) =s(Bo(F)); (jij) R(E)=s(R(E)).

If ®(E) is a complete boolean algebra, (ii) implies that ®¢(F): is strongly
complete and hence that ®¢(F):=s(®e(F):1); therefore we have ®@o(F)
=5(®o(F)). If Bo(F)=5(Bo(F)) then ®Bo(F)® = R(E) is obviously strongly
closed. If ®(E)=s(®(E)) it follows from Theorem 1, [5, pp. 313-314], that
®(E) is complete.

REMARKS. (1) The results stated in Corollary 1 are due to W. G. Bade
[2, p. 358, Theorem 4.5]; the proof of the implications (jj)—(ji)—(@) is
essentially the same as the one given in [2]. These assertions are justified by
the proposition [2, p. 349]: If G is a g-complete boolean algebra of projections
in a Banach space then there exists a compact space Z and a s.c.a. spectral
measure defined on Sy(Z) such that = ®(E). (2) From Corollary 1 follows
that if § is a spectral family on Z having property (P;) and such that ®y(F)
is o-finite (=every orthogonal set of projections belonging to the considered
algebra is denumerable) then ®o(F) is strongly closed; this result can also be
reduced to the corresponding one in Hilbert spaces if we use Theorem 3.

Let H be a Hilbert space and E¥ a s.c.a. spectral measure, defined on a
tribe So(Z), such that ®(E) C £(H, H). We shall say that E¥ is self-adjoint
if E¥(w) is self-adjoint for each w E.5¢(Z).

COROLLARY 2. Let E be a s.c.a. spectral measure, defined on a tribe So(Z).
Then: (j) there is a Hilbert space H, a s.c.a. self-adjoint spectral measure
EE(QR(E®)C £(H, H)), defined on So(Z) and an order isomorphism ¢ of R(E)
onto R(EH) which is uniformly, strongly and weakly bicontinuous; (jj) ¢ can be
extended (in a unique way) to an algebraic isomorphism, of the strongly closed
algebra Q(E) spanned by R(E) onto the strongly closed algebra Q(E®) spanned
by ®R(EH), having the properties (1)—(1v) (we replace here ®o(F) by Q(E) and
® by Q(EH®)) formulated in Theorem 3; (jjj) R(E) is complete if and only if
®R(EH) is.

Let § be the spectral family corresponding to E; obviously ®(E) Cs(@(F)).
By Theorem 3 there is a Hilbert space H, a von Neumann algebra ® C £(H, H)
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and an algebraic isomorphism ¢ of s(@(F)) onto ®, which has the properties
1)-(@v). If we take E#(w) =¢(E(w)), for «ESy(Z), then E¥ is a s.c.a. self-
adjoint spectral measure on So(Z)(®R(EH#) C £(H, H)) and ¢ is an order iso-
morphism of ®(E) onto ®(EH) which is uniformly, strongly and weakly
bicontinuous. Hence the proof of (j) is complete. The results (jj) (we use for
its proof Corollary 1 of Theorem 1) and (jjj) are now obvious.

REMARKS. (1) An immediate consequence of Corollary 2 (see the remarks
which follow Theorem 3) is the proposition: On a o-complete boolean algebra
of projections the weak and the strong topology coincide. (2) Theorem 4.7,
[2, p. 359] can be deduced from Corollary 5.3, [17, p. 38] if we use Theorem 3.
(3) Using Theorem 3 we can also prove the following proposition: If @ is a
strongly closed algebra containing I, o-finite, generated (in the strong topol-
ogy) by a denumerable set and having property (P:) then there is an operator
T€&E @ with real spectrum such that every UE @ is of the form k(T) where
hEBg (¢(T1))-

Using Theorem 3 and, for instance, Corollary 1, [9, p. 57] we deduce the
following:

CoROLLARY 3. Let (1) C £(X,, X1), @(2) CL(Xs, X2) be two strongly
closed algebras having property (P2) and ¢ an algebraic isomorphism of Q(1)
onto G(2) such that ¢(T*)=¢(T)*. Then ¢ is bicontinuous when G(1) and G(2)
are endowed with their uniform topologies. The restriction of ¢ to bounded sets is
strongly and weakly bicontinuous.

4. Remarks on spectral families having property (E). Proposition (*)
stated at the end of paragraph 1 follows from Theorem 1.4 and Lemma 2.3
[4] or from Theorems 1.3 and 1.4 [4]. Instead of Lemma 2.3 or Theorem 1.3
[4] we can use, for the proof of (*), Theorem 2 [11].

From Theorem 1.4 [4], taking into account the form of the measure »
(constructed in the proof of this theorem), we can deduce the following result:
(**) Let €@ be a weakly relatively compact set of Radon measures on a com-
pact space Z. Then there is a Radon measure »Z=0 such that: (1) »(f)
<supuee | 4| (f) for f20; »(N)=0 (for NESy(Z)) if and only if |u|(N)=0
for every u& €. Using (**) we can immediately prove the following proposi-
tion due to W. G. Bade (Theorem 3.1, [2, pp. 351-353]): Let Z be a compact
space and § = (uz,./)zex,--ex’ @ spectral family of measures given on Z, having
property (E). Then for every yEX there is a ,=p, 4 20 such that every
py.= is absolutely continuous with respect to »,. In fact take € = {iy.r] I« =1}
and v,=v. We then have v,,(lfl)gp(f, {y}) for every fEC(Z). Define 8 on
X,={ U,yle C(Z)} by the equation: B(Usy) = [fdv,. Using the inequalities
v (|f]) (S, {y})gM(S’)” Uyy|| we deduce that B is defined on X, without
ambiguity and that it is continuous; B can therefore be extended to X. If we
denote the extension by y’, then vy =py 4.
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By the same method, but without using proposition (**) or (*), we prove
that every measure || is a measure py ;.

Let @ be a strongly closed algebra having property (P,) and § a spectral
family of measures defined on the spectrum of @ such that @= @(F). We
have then the following proposition (which we shall state without proof):
Every measure p.,,» is normal and every normal measure on Z is absolutely
continuous with respect to a measure p,,,-=0. In the case of Hilbert spaces
more precise results are valid (see [8] and [16]).
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